We derive general form of finite-dimensional approximations of path integrals for both bosonic and fermionic canonical systems in terms of symbols of operators determined by operator ordering. We argue that for a system with a given quantum Hamiltonian such approximations are independent of the type of symbols up to terms of O(e), where E is infinitesimal time interval determining the accuracy of the approximations. A new class of such approximations is found for both c-number and Grassmannian dynamical variables. The actions determined by the approximations are non· local and have no classical continuum limit except the cases of pq. and qp-ordering. As an explicit example the fermionic oscillator is considered in.detail. § 1. Introduction
Despite the fact that path integrals 1 l have a long history as a standard technique in quantum physics, in particular in quantum field theory, still little is known about their exact meaning beyond those of the Gaussian form. In the case of quantum systems involving both bosonic and fermionic degrees of freedom it is most natural to define path integrals as a limit of certain multiple integrals when their multiplicity tends to infinity (for a review and further references see Ref.
2)). Such multiple integrals are considered to be finite-dimensional approximations (FDA) of path integrals. In fact, it is also FDA that are a basis for the lattice approach to the constructive definition of quantum field theories, which nowadays is the most promising and powerful method to deal with them beyond the perturbation theory.
It has been known since Ref.
3) that the limit of FDA of path integrals over phase space depends on the choice of points in which the exponent of FDA is calculated, the ambiguity being closely related to that of operator ordering in canonical quantization. Later, but independently and in another terminology, the issue was discussed extensively in Refs. 4)~8) (see also Ref. 9 ) for more references, and 10)). The common conclusion was that operator ordering mainly affects the choice of the arguments of the Hamiltonian in the exponent of FDA. This leads to a naive expectation that the path integral for a system with given quantum Hamiltonian is independent of the ordering, and that its exponent can always be regarded as the classical action of the system J dt[pq-H(p, q)] up to possible terms of O(n). 6 l The former has been proven in perturbation theory in 7) and 8). However, in 11), following the line of 3) and 12), there has been found FDA for a fermionic system in the case of the Weyl ordering which appeared to be a counterexample of the latter statement: its exponent does not make sense of integral sum of any local expression which could be considered as a Lagrangean of the system. *l Permanent address: Institute for Nuclear Research of the Russian Academy of Sciences, Moscow 117312, Russia.
In this paper we undertake a thorough study of operator orderings in FDA for both bosoic and fermionic cases. In particular, we demonstrate that for "almost all" types of ordering there exist both representations of FDA with local and non-local forms in the exponent, and show in which sense path integrals are independent of ordering.
The outline and the results of the paper are as follows. In § 2 we give basic notations and technique which allows formal analogy between bosonic and fermionic quantum systems. This is achieved by using eigenvectors of operators of canonical momentum and coordinate for the bosonic system, and a coherent state like representation for the fermionic system. 13 > In § 3 we introduce the notion of symbols of operators: functions defined on the phase space which are in certain one-to-one correspondence with operators on the Hilbert space. There are various such mappings, each one being uniquely determined by the operator ordering. Our definitions generalize those of 14) and of 3), 12) to Grassmannian variables and to arbitrary ordering, respectively. We consider general ordering (and corresponding symbols) determined by an analyticalfunction and called /-ordering (/-symbols). Then we emphasize a special role of particular case of /-ordering, the so-called a-ordering. 8 > In this case the function is parameterized by a single parameter a, so that the Weyl, pq and qp orderings correspond to a=O, 1/2 and -1/2, respectively. This scheme is still the most general for fermionic systems. In § 4 we construct FDA for both bosonic and fermionic systems in terms of the /-symbols. Our construction uses standard "resolution of unity", rather than *-products determining representations of the operator algebra in terms of their symbols which have been used in 3), 12) and 11). Therefore, we obtain the local form of FDA found earlier in 6) and 8). A new point here is arguments in favour that FDA for a system with a given quantum Hamiltonian are independent of the type of the symbols up to terms O(e), where e is (infinitesimal) time interval determining the accuracy of the FDA.
In § 5 we consider FDA for both bosonic and fermionic systems in terms of a-symbols in more detail. In this case kinetic part of the FDA corresponding to classical term pq is represented by the finite difference p;(q;-q;-r), while the Hamiltonian part is taken in the points p; and q/a>=(1/2-a)q;+(1/2+a)q;-r, being in this sense weakly non-local. Then making a change of variables we find the new representation for the exponent of FDA: except a=± 1/2 the kinetic part of the exponent is highly nori-local and has no naive continuum limit, while the Hamiltonian part is strictly local, that is taken in the points p;, q;. The situation is the same in the fermionic case. These results generalize to any a as well as to bosonic case the one of Ref. 11). We conclude this section with explicit demonstration of a-independence up to O(e) of FDA for the fermionic oscillator.
Section 6 is for a short summary and discussion. For the sake of notational convenience we make all the explicit constructions for a system with a single, either bosonic or fermionic, dynamical variable. The general-. ization to any finite number of variables is straightforward. § 
Basic notations and definitions
We denote all operators with hats, so that notation H(Jj, q) means operator function H(Jj, q).
Bosonic system (c-numbered dynamical variable)
Quantum bosonic system is defined by commutation relations
with Jj and q being operators of canonical momentum and coordinate, respectively, acting on the Hilbert space 3C = _f z (we put n = 1). Although, mathematically speaking, the definitions as a representation of the Heisenberg-Weyl group and matters such as their self-adjointness of operators Jj and q with the space spanned by their eigenvectors should be refined, 15 > we use here such terminology in a physical sense.
Let IP>, lq> be complete sets of eigenvectors of the operators with eigenvalues P E( -oo, oo) and qE( -oo, oo):
iJiq>=qlq>, l5IP>=PIP>, <qlii=<qlq, <Pil5=<PIP. 
Here we give a brief sketch of the formalism developed in Ref. 13) which will. allow us to construct path integrals for the fermionic systems using, in fact, the same . technique as for bosonic systems.
The simplest fermionic system· is defined by the anticommutation relations {b, !Jt}=1, {b, b}={!Jt, !Jt}=O Define the space fB c~ X g, where Q is a Grassmann algebra with involution and generators/;;, such that J¢>=¢o(t;)JO>+¢r(t;)jDEf!J, ¢(/;)=co+~;c;/;;, co,; are complex numbers. It is convenient to define also conjugate space f!J* with elements <¢'*1 =<OI¢~*(t;)+<II¢~*(t;) such that
where ¢*(/;)=d'+ ~;dl;t.
We use the usual conventions for differentiation and integration on Q ,1
6 > except the following one: Then it immediately follows from (2 · 7) ~ (2 ·11) that <t;lt;'*>=ew•, <t;*lt;'>=eq•q', <t;'lt;>=o(t;'-t;), <t;'*lt;*>=o(t;'*-t;*); ~t;><t;ldt;= jdt;*lt;*><t;*l=IO><Ol+II><Il= i; TrQ= j<;;J.Qj-t;>dt;,
. (2·14) where .Q is a Grassmann even operator on~. For a proof of such relations in the case of any finite number degrees of freedom (i.e., pairs of operators b l, b ;) see Ref.
13).
Comparing (2·2), (2·3) and (2·4) with (2·11), (2·12) and (2·13), we notice a formal ·analogy between vectors Jt;>, Jt;*> and jq), Jp>, respectively. This analogy becomes more substantial if we note that operators b and -i b t are actually operators of canonical coordinate and conjugate momentum of the fermionic system. § 3.
Operators and their symbols
The subject of this section is correspondence between functions of the form A(p, q)=~m.n;,oAmnPmqn on the phase space, or A(.;*, .;)=~m.n=o,rAmn.;*m.;n on the Grassmann algebra {], and operators A(_p, ij), or A( b t, b), on the corresponding Hilbert spaces. Namely, we shall set up various one-to-one mappings between the functions and operators.
Bosonic system
Let the /-ordered function of operators be
mn where 14 J or in terms of a generating function
so in order to assure
We assume that ordering functions /(u, v) are analytic in some finite region on the uv plane in order to justify the definition (3·5). According to (3·5) it is easy to see that any ordered operator, say /r-ordered, can be expanded in terms of other ordered form, k since the generating functions are related to each other as
we have
where coefficients Tk"fn(A /2) determined by the Leibnitz rule have the form Then, it immediately follows that fl(Jj, q) can be reduced to arbitrary /-ordered form 
With the aid of the coefficient A~J in (3 ·13) we can define /-symbol of operator fl(Jj, q) as which is the inverse mapping of (3·6):
This fact is easily understood by the following relation:
for any arbitrary operator. In order to prove (3·17), start with (3·13), sandwitch this with (q2J and jq1> then recall (3·2) to find
With the use of the definition (3·15) and integration by parts, we obtain (3·17).
If we start with (3 ·12) instead of (3 ·13), we have
Expressions (3 ·17) and (3 ·18) play a central role in our construction of path integrals in § 4. There is an important particular case of /-ordering in which the function I is parameterized by a single real parameter a:
We shall call it a-ordering. 
Refs. 3) and 17)). § 4. Finite dimensional approximations of path integrals
In this section we construct finite-dimensional approximations (FDA) of path integrals for the Feynman kernel and for the partition function in terms of /-symbols and ascertain some of the properties of the FDA. )). The conditions for convergence are closely related to those for the form of Hamiltonian for which the time evolution operator itself exists. This is however not an easy task, and therefore in the following we shall assume that the condition is fulfilled. Now from (4·6) and (4·8) we get the path integral representation for the kernel where H/Ml(p, q) is given by (3·21). In this viewpoint the relation (4 ·12) holds owing to (4·11) which can be obtained by the use of commutation relations.
The fundamental ingredient is the time evolution operator U(t, to) introduced by J¢(t)>= U(t, to)J¢(to)> (4·1) to satisfy the Schrodinger equation itt U(t, to)=H(t)U(t, to), U(to, to)= i.

(qFI U(t, t())lqi)=limKN<f>(qF, q1; t, to), (4·9)
However if we start with (4 ·10) then have to go to (4 ·13) without using commutation relation since we have only c-numbers in the expression: in this case we need Substitution Rule:
.th. H .1 .
Since in view of (3·18) the Hamiltonian of /-symbol Using the trace formula (2·5) from (4·6) and (4·10), we get expression for FDA of path integral·for the trace of the evolution operator ("partition function")
zN<f>(t, to)= jdqKi_/f>(q, q; t, to)
!IT N dq;dp; In the case of any finite number M > 1 degrees of freedom quantities p; and q; in Eqs. (4·10), (4·23) should be considered as M-dimensional vectors, so that, i.e., p;qj =~lf=IP/q/, dp;/(2Jr)= lllf=I[dpt/(27r)], etc.
Fermionic system
As the kernel of the evolution operator makes no physical meaning in this case, we consider partition function Z(t, to)=TrO(t, to). The technique of § 2.2, as well as formulae of § 3.2, allows us to make all the construction in a complete analogy with the bosonic system. Then, considering the Hamiltonian to be an even element of a Grassmann algebra, we find (4·24) where (4·25) is FDA of the fermionic path integral (4·24) in terms of a-symbols. Antiperiodic boundary condition in ( 4 · 25) is direct consequence of the trace formula (2 ·14).
Note that this construction is pure algebraic, so, to justify it we encounter no problems typical for the bosonic case. Therefore, without assuming any implicit condition we have by construction that path integral (4·24) does not depend on a, while FDA is independent of a up to 0(~:). In § 5 we shall demonstrate this explicitly.
Like in the bosonic case we can define the classical Hamiltonian of the system Hct(e, ~) (see Refs. 19), 17) and references therein), as lim11-oHca>(~*, ~). In this section we concentrate on the FDA for partition function in terms of a-symbols and show that independently of the form of the Hamiltonian in both bosonic and fermionic cases the exponent of the FDA has a new representation which, except a=± 1/2, is highly non-local.
Bosonic system
According to Eqs. (4·23), (3·23), (3·24) FDA for partition function in terms of a-syrribols has the form Z ca>(t . , _ )-jiTN dq;dp;
where q/a> is given by Eq. (3·24). Thus, except the case a=±1/2 the Hamiltonian part in ( 
does not vanish unless a=O, N is even. Therefore, excluding this case we can make in (5·5) change of variables q'=q<a>, which leads it to the form 1 JrrN dq;dp; 
Thus, we see that only in the cases a= ±1/2 (pq-and qp-orderings), when we have
expression LJB(a)q corresponds to (right and left) differences approximating time derivative in the term pq in the exponent. Any other values of a determine the highly non-local form of the kinetic part which have no continuum limit and which cannot be regarded as an approximation for the classical term pq. Note also, that matrix LJB(a) is antisymmetrical only for value a=O corresponding to the Weyl ordering (remind that for a=O this representation exists only when N is odd).
Fermionic system
In this case our program is the same: transforming FDA (4·25) in such a way that its Hamltonian part has the form H<a>(~l, ~;). In view of the similarity of the structure of the FDA in fermionic and bosonic cases, all the steps are also essentially the same.
With similar matrix notations we can rewrite (4·25) as In the way completely analogous to the one of the previous sections we find
Like in bosonic case the kinetic part of the exponent in (5 ·15) can be interpreted as fermion analogue of pq only for the same two values of a:
For any other a the expression is non-local. In particular, for a=O (the Weyl ordering) we have (5·23) (contrary to the bosonic case this representation exists only when N is even). In this case the expression is maximally non-loal in the sense that matrix elements .dF(a);j do not decrease at all with increasing \i-j\, matrix L1F(a) being antisymmetrical.
Representations (5·19) for particular cases (5·22) and (5·23) have been obtained in Ref. 11) using the above-mentioned technique of *-product for the symbols of operators.
The nontrivial point now is that despite the drastic change of the form of the exponent of the FDA with change of a, the FDA itself, that is ZN(t-to), is independent of the a up to terms O(c). To demonstrate this explicitly we shall consider a simple
Example
Namely, consider the fermionic system governed by the Hamiltonian fi=wbt b (fermionic oscillator) in which case the partition function is extremely simple:
In view of (3 · 27), FDA ( In quantum mechanics the choice of type of the symbols as well as of the representaion of the FDA, can only be dictated by reasons of convenience or naturalness. Indeed, the discovered non-locality in the exponent of FDA is a property of the FDA itself, rather than underlying quantum system. This, however, can become a dynamical problem if additional symmetries like a gauge invariance are imposed. This is also the case when FDA are used as a basis for formulation of the Euclidean quantum field theory on a lattice (in this case € plays a role of the lattice spacing). Then, if the corresponding lattice subgroup of Euclidean group is required to be the symmetry of the theory at the regularization level, the form of the kinetic part of the FDA certainly affects the form of its Hamiltonian part. This has been used for defining fermion actions on a lattice, 20 J,n> where additional requirement of chiral invariance leads to a non-local formulation of the Weyl fermions on a lattice.ll) It is using the explicit form of FDA that guarantees a lattice theory to be free of such pathologies as "species doubling".
